The momentum and orbit length of beam on the central and extraction orbits of the Antiproton Source Accumulator are calculated from measurements of revolution frequency and transverse beam position. This report gives the results of measurements made at the stacking energy before and after the 1998-99 Accumulator lattice upgrade. The extraction orbit length and momentum prior to the lattice upgrade are measured to be: L e = 474.1916 ± 0.0054 m, p e = 8900.8 ± 9.2 MeV/c. After the lattice upgrade the extraction orbit length and momentum are measured to be: L e = 474.1599 ± 0.0036 m, p e = 8886.3 ± 6.1 MeV/c.
Introduction
One beneficial spin-off of operating the Antiproton Source for Fermilab experiment E835 is the ability to make calibrated measurements of the Accumulator beam energy 1 . This memo describes measurements of the Accumulator beam energy on the central and extraction orbits at its design energy. The analysis presented here includes measurements from before and after the Accumulator lattice upgrade. The results of this analysis are summarized in Table 2 on page 6. The beam energy is determined by measuring the average velocity of the beam. The velocity of the beam is derived from measurements of the revolution frequency and the orbit length. These measurements are conducted with bunched beam; consequently, the revolution frequency is inferred from the frequency of the RF used to bunch the beam. The orbit length is calculated by comparing the horizontal closed orbit of the beam with a reference orbit of known length, L ref .
An orbit measurement consists of the readout of all of the Accumulator beam position monitors (BPMs). The orbit length is calculated as a correction to the length of the reference orbit. To first order, the orbit length can be written as:
where L ref is the length of the reference orbit. The first order correction, ∆L, can be written as:
The sum in equation (2) runs over all operational horizontal BPMs. ∆L depends only on the difference between the measured orbit and the reference orbit at each horizontal BPM (∆x i ). The constants, C i , depend entirely on the Accumulator lattice.
The Reference Orbit
The reference orbit is an orbit measurement made when the beam energy is precisely known. If the beam energy is known, the length of the reference orbit is determined from the beam energy and the revolution frequency. The reference orbit used in the calculation of all of the beam energy measurements presented here was obtained from E835 data taken at the ψ′ Charmonium resonance on June 14, 2000 2 . The horizontal BPM readout for this orbit is given in Appendix 1.
The details of the orbit length calculation and the determination of a reference orbit are given in reference 1.
Estimating the Uncertainty in the Beam Energy Measurement
The uncertainty in the measurement of the 8 GeV 3 central orbit energy of the Accumulator arises from the uncertainty in the length of the orbit and the uncertainty in the revolution frequency of the beam (f). The overall variation in the beam momentum, in terms of these two contributions is given by:
Since this technique of the beam energy determination is accomplished by a velocity measurement, one expects to pay a big price as the beam becomes relativistic. Equation (3) shows that the uncertainty in the momentum measurement grows as γ 3 when the beam energy is increased.
Uncertainty in the measurement of the revolution frequency
The frequency of the RF used to bunch the beam for closed orbit measurements can be determined to within approximately 0.1 Hz (at the revolution harmonic). Thus, if the RF frequency correctly gives the average revolution frequency of the beam "seen" by the BPMs, the df contribution to the beam momentum measurement uncertainty is very small. The 0.1 Hz uncertainty in f gives rise to a 0.13 MeV/c contribution to the error in beam momentum at 8 GeV on the central orbit. This small contribution to the uncertainty in the momentum measurement will be neglected in what follows.
Uncertainty in the measurement of the orbit length Equation (3) indicates that, at beam kinetic energies near 8 GeV, each 1 mm uncertainty in the orbit length corresponds to a 1.66 MeV/c uncertainty in the beam momentum. There are a number of contributors to the uncertainty in the orbit length. These sources of error will be enumerated here.
Uncertainty in the length of the reference orbit
The calibration of the reference orbit is described in reference 1. The uncertainty in the length of the reference orbit, δL ref , is primarily due to the uncertainty in the mass of the ψ′ resonance. The July 2000 PDG Particle Physics Booklet reports the uncertainty in the mass of the ψ′ to be 0.09 MeV/c 2 . From this it is determined that δL ref = 0.6 mm.
Neglect of second and higher order terms
The neglected second order term in the orbit length calculation is derived in an appendix to reference 1. The second order term, δL 2 , is given by:
x r and y r are the horizontal and vertical displacements of the reference orbit from the central orbit of the Accumulator, and ∆x and ∆y are the horizontal and vertical displacements of the orbit being measured from the reference orbit. The integral of equation (4) follows the closed orbit for one circuit around the Accumulator. δL 2 is a very small length. This can be seen by making the perverse assumptions that x r ′, y r ′, ∆x′, and ∆y′ are each 1 mrad everywhere 4 , and that all of the terms in the integrand add coherently. Under these assumptions, δL 2 ∼ 3 × (1 mrad) 2 × 474.05 m = 1.4 mm. If these assumptions were actually realized, this term would contribute about 2.3 MeV/c to the uncertainty in the beam momentum. This is very likely a grossly overestimated upper bound to the actual contribution of this term.
3. Lattice different from when the reference orbit was measured The orbit length calculation utilizes a model of the horizontal orbit that is parameterized as a superposition of dipole kicks from various elements of the Accumulator lattice. The coupling of these kicks to the closed orbit distortion depends on the lattice functions at the location of the kick and at the location of the orbit distortion. Kicks from only the horizontal dipole magnets are sufficient to parameterize the horizontal orbit when the lattice is not significantly different from what it was when the reference orbit was measured. However, if the lattice is appreciably different from what it was at the time the reference orbit was measured, kicks from the horizontal dipoles alone are not sufficient to accurately model the horizontal orbit. When the lattice differs from the reference orbit lattice (as is the case for 8 GeV measurements) the orbit model is expanded to allow kicks from the Accumulator quadrupoles as well as the horizontal dipoles. Reference 1 describes how this is accomplished in the orbit length calculation as well as a test of this technique using orbits of known length that were measured before and after the Accumulator lattice upgrade. The conclusion of this test is that a change in the lattice from the reference orbit lattice has a very small impact on the calculated orbit length 5 .
Uncertainties in the BPM readout
Errors in the readout of each BPM will contribute an amount, δL BPM , to the uncertainty in the orbit length measurement. Since only difference orbits are used, the orbit length calculation is insensitive to any offsets that in the BPM readout that are common to both the reference orbit and the measured orbit. Thus, only gain and scale errors in the BPM electronics and associated processing have an impact on the measurement of the orbit length. While an accurate assessment of these errors is not available, there is evidence that the BPMs are correctly scaled to within 15% 6 .
The impact of errors of scale in the BPM readout was obtained by a Monte Carlo error analysis. In this analysis, 5000 orbits are generated by multiplying the original readout of each BPM by randomly distributed scale factors. The scale factors were generated according to a Gaussian distribution with a mean of 1.0 and a σ of 0.2. This scale factor distribution represents a very conservative overestimate of the BPM scaling error. Figure 1 and Figure 2 show the resulting ∆L distributions for a post-lattice upgrade measurement and a pre-lattice upgrade measurement respectively. The width of resulting distribution of orbit lengths is an estimate of δL BPM . The magnitude of δL BPM depends on the orbit. If the orbit differs significantly from the reference orbit (as is the case for the pre-upgrade measurements) the uncertainty will be large. Figure 1 shows the worst case (i.e. the widest) ∆L distribution of all the post-upgrade measurements. The rms width of this distribution is 0.45 mm. Therefore a conservative estimate for the post-upgrade BPM readout uncertainty is δL BPM = 0.45 mm. This value of δL BPM corresponds to a momentum error of 0.74 MeV/c at 8 GeV. Figure 2 shows the worst case ∆L distribution of all the pre-upgrade measurements. The rms width of this distribution is 1.96 mm.
The resulting estimate for the pre-upgrade BPM readout uncertainty is δL BPM = 1.96 mm. This value of δL BPM gives rise to a momentum error of 3.26 MeV/c at 8 GeV. 
Figure 1
Histogram of the results of 5000 calculations of the first order correction, ∆L, to the 6/14/2000 ψ′ reference orbit for the 3/12/2000 orbit measurement. Each entry is calculated from a the original horizontal BPM difference orbit multiplied by a scale factor that is randomly generated according to a gaussian distribution with a mean of 1.0 and a σ of 0.2. 
Figure 2
Histogram of the results of 5000 calculations of the first order correction, ∆L, to the 6/14/2000 ψ′ reference orbit for the 9/24/1996 orbit measurement. Each entry is calculated from a the original horizontal BPM difference orbit multiplied by a scale factor that is randomly generated according to a gaussian distribution with a mean of 1.0 and a σ of 0.2.
Revolution frequency and Bend field not at nominal field
The definition of the central orbit in the Accumulator requires the specification of two numbersthe revolution frequency, f c , and the magnetic field measured in the Accumulator reference dipole 7 , B o . The values f c and B o before and after the Accumulator lattice upgrade are given in Table 1 . In general, the revolution frequency and field are different from the canonical f c and B o resulting in a radial displacement of the beam from the central orbit. Consequently, a measurement of the central orbit energy requires a correction to account for the energy difference between a radially displaced orbit and the nominal central orbit. If the revolution frequency difference, ∆f, and field difference, ∆B, are small, the momentum correction is given by:
The first term in equation (5) is readily calculated. The results given in Table 2 reflect the application of this correction. The revolution frequency is very accurately known and η is known to about 10%. Of the measurements considered in this memo, the largest deviation of the measured revolution frequency from f c was 4 Hz. The resulting correction from the first term in equation (5) is ∆p = 4.5 MeV/c. In this case, the frequency correction contributes approximately 0.45 MeV/c to the uncertainty in the beam momentum measurement, or 0.27 mm (δL η ) to the overall uncertainty in the length of the central orbit.
The second term in equation (5) is difficult to estimate. Accordingly, no attempt is made to apply a ∆B correction to the measurements considered in this memo. This term is treated as a source of error in the measurement of the central orbit beam momentum.
The integrated bend field of the Accumulator changes due to variations in the temperature of the dipole magnets. An increase in the temperature of a dipole magnet causes two effects: (1) the length of the magnet expands (i.e. the path length of a particle in the magnet is increased), and (2) the gap between the pole faces increases -decreasing the dipole magnetic field. These two effects cancel each other 8 , to first order, in their impact on the integrated field. Moreover, only the second effect -the change in dipole field -is measured by the NMR readout of the reference dipole. Therefore, the net effect on the integrated dipole field is unknown and the second term in equation (5) cannot be accurately evaluated. A rough estimate of the importance of this term can be made by calculating its contribution using the NMR readout for the measurement with the greatest deviation from the nominal field. The largest deviation from B o in the results presented in Table 2 is 5.2 Gauss. If this were the actual ∆B in equation (5), the resulting correction to ∆p from the second term would be 0.52 MeV/c. This corresponds to an orbit length error, δL B , of 0.31 mm.
Overall Uncertainty in the Orbit Length
The overall uncertainty in the orbit length measurement, δL, is a superposition of all of the uncertainties described above.
Adding in quadrature the estimates given above for each of these uncertainties yields the following estimates for δL:
These are very conservative estimates of the uncertainty in the measurement of the Accumulator orbit length. From equation (3) 
Beam Momentum and on the Accumulator Central Orbit
The data taken as input for this analysis consist of closed orbit and revolution frequency measurements made before and after the Accumulator lattice upgrade. Both pre and post upgrade data consist of three different closed orbit measurements made with beam near the central orbit of the Accumulator. For each of these measurements, all of the 48 horizontal BPMs were in good working order. Figure 3 shows the horizontal difference between the measured orbit and the ψ′ reference orbit for post-upgrade orbit measurements. Figure 4 shows the difference orbits for the post-upgrade measurements. The resulting beam momenta and orbit lengths derived from these orbits are summarized in Table 2 below. In Table 2 the subscript "c" denotes a central orbit quantity and the subscript "e" denotes an extraction orbit quantity. Figure 3 shows that all of the post-lattice upgrade orbits lie within ±5 mm of the reference orbit and within ±5 mm of each other. This is in marked contrast to the pre-upgrade orbits, which can deviate from the reference orbit by as much as 25 mm.
The central orbit beam momenta (p c ) reported in Table 2 reflect the application of a correction to account for the difference between the measured revolution frequency (f rev ) and the revolution frequency associated with the canonical central orbit (f c ). This correction is calculated from the first term in equation (5).
The value of η is determined from synchrotron frequency measurements. The measurement of η for the post-upgrade Accumulator lattice is presented in Appendix 2. 
Beam Momentum and on the Accumulator Extraction Orbit
The extraction orbit is defined, for purposes of this report, as the orbit taken by beam having a specific revolution frequency, hereinafter designated f e , when the reference dipole field is B o . In practice, this frequency is chosen so that beam extracted from the Debuncher circulates at the correct radial position in the Accumulator arcs. The values of f e for the pre-upgrade and postupgrade Accumulator are given in Table 1 .
Post-Lattice Upgrade Extraction Orbit Momentum
The beam momentum and orbit length on the Accumulator extraction orbit can be calculated by integrating equation (9). This is somewhat complicated by the fact that, on the upgrade lattice, γ t , and hence η, varies significantly across the momentum aperture of the Accumulator. Moreover, the variation of η with momentum is not well measured. The only information available at the present time is a single measurement of η on the central orbit and one measurement on the extraction orbit. These measurements are described in Appendix 2 of this report. From this scant data, one can integrate equation (9) by assuming that η varies linearly with frequency between the central and extraction orbits. Thus, η(f) = η c + α(f -f c ). The constant α is determined from the measurements of η on the central and extraction orbits. With this form of η(f), the integration of equation (9) proceeds as follows:
Using δp c = 4.1 MeV/c from equation (8), and δη/η = 10%, and adding the terms of the right hand side of (15) in quadrature one obtains: δp e = 9.2 MeV/c. The corresponding uncertainty in the length of the extraction orbit from equation (13) is δL e = 5.4 mm.
Summary of Extraction orbit measurements
The average extraction orbit momenta and orbit lengths are given by: 
Conclusions
In December of 1999 it was discovered that the central orbit energy of the Debuncher was 57 MeV/c greater than the momentum corresponding to the center of the bunch rotation RF bucket 13 . Since the Debuncher bend bus had been adjusted to accept reverse proton beam from the Accumulator extraction channel, it was concluded that the Accumulator lattice upgrade had somehow effected a downward shift in the operating energy of the Antiproton Source.
The analysis of this memo suggests that the change in Accumulator beam energy is not large enough to account for what was observed in the Debuncher. The measurements analyzed here show a decrease in the extraction orbit momentum of only 14.6 MeV/c. The momentum and orbit length differences from the pre-upgrade to the post-upgrade Accumulator lattice are summarized in Table 3 . Figure 6 shows the f synch 2 versus V cav graphs for η measurements made on two different dates with beam on the central and extraction orbits. The V cav and f synch data for these measurements are given in Table A -1 and Table A 
Figure 6
Plot of f synch 2 vs. V cav for the central and extraction orbit η measurements. The value of η is proportional to the slope of these graphs.
